In order to obtain the full asymptotic expansion for Pólya trees, i.e. rooted unlabelled and non-plane trees, Flajolet and Sedgewick observed that their specification could be seen as a slight disturbance of the functional equation satisfied by the Cayley tree function. Such an approach highlights the complicated formal expressions with some combinatorial explanation. They initiated this process in their book but they spared the technical part by only exhibiting the firstorder approximation. In this paper we exhibit the university of the method and obtain the full asymptotic expansions for several varieties of trees. We then focus on three different varieties of rooted, unlabelled and non-plane trees, Pólya trees, rooted identity trees and hierarchies, in order to calculate explicitly their full singular expansions and asymptotic expansions.
Introduction
By using either Darboux's method or singularity analysis, we easily get the dominant coefficients of the asymptotic expansions for the number of some specific Pólya structures; a Pólya structure being decomposable by using some Pólya operators like the multiset MSET or the powerset PSET constructions. For the numbers of hierarchies (a specific class of trees) of size 100 the relative error between the exact number and the firstorder approximation is only around 0.01% (note that it is only 10 −10 % with an 8-order approximation). However for small hierarchies, the first-order approximation is not precise: the relative error for the trees of size 20 is around 0.3% whereas it is only around 0.0004% with the 8-order approximation (cf. Fig. 1) .
In a technical report [Fin03c] , Finch provided recurrence formulas to compute all the coefficients in the asymptotic expansion for Pólya trees. He developed there the classical Darboux's method to derive the recurrences and computed explicitly the five most important coefficients.
T (z) = ζ(z) exp(T (z)),
for some constrained function ζ(z). For such classes of trees, we exhibit the full Puiseux (i.e., singular) expansion of the generating series. We then compute the generic full asymptotic expansion of the number of trees. In Section 3, we then focus on three different varieties of rooted, unlabelled and non-plane trees. The first class of trees is the classical set of Pólya trees that already appears in the papers of Cayley [BLW76] , Pólya [Pól37] and Otter [Ott48] . The generating function of Pólya trees is easily described with a functional equation using the multiset construction. By replacing the construction by the powerset operator we get the class of rooted identity trees, the second class we are interested in. Such trees are studied, for example, in the work of Harary et al. in [HRS75] . Finally we deal with hierarchies, i.e., rooted unlabelled non-plane trees without nodes of arity 1. This class has been introduced by Cayley too, but it is also directly linked to series-parallel networks in the papers of Riordan and Shannon [RS42] and Moon [Moo87] . In the Section 3.4, we give numerical approximations for the first coefficients of the singular and the asymptotic expansions of each specific variety of trees. We conclude the paper (Section 4) by mentioning several other structures where our generic approach could be applied directly.
Main results
For each of the varieties under consideration, the fundamental idea consists, from an analytic point of view, at studying its generating function as a disturbance of the classical Cayley tree function (cf. e.g. [FS09, p. 127] ). Let C(z) be the Cayley tree function; it satisfies the functional equation
Its dominant singularity is 1/e and C(1/e) = 1. Recall that the Cayley tree function is closely related to the Lambert W function. Many fundamental results about this classical function are given in the paper of Corless et al. [CGH + 96] . In order to obtain generically the full asymptotic expansion of the number of the structures of a variety of trees, let us first compute the full Puiseux expansion (i.e., the full singular expansion) of the Cayley tree function and then study how the disturbance induced by a given variety modifies this behaviour. Let us recall the definition of Bell polynomials, extensively studied in Comtet's book [Com74] and denoted by B n,k (·):
.
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The Bell polynomials appear naturally in Faà di Bruno's formula [Com74] that states the value of iterated derivatives of the composition of two functions. Proposition 1 The full Puiseux expansion of the Cayley tree function is
where the functions B n,k (·) are the Bell polynomials.
The calculation of the first terms of the singular expansion gives
Let us recall that the expansion until O((1 − ez) 3/2 ) has been derived in [FS09] . We prove the full expansion with their approach but with further precision. Note that, in the formula of Proposition 1, the inner sum of k can be factored in the same way as the classical Ruffini-Horner method for polynomial evaluation. Doing so makes its computations much more efficient.
The second step consists in studying the ordinary generating function T (z) = n≥0 T n z n of the tree variety under consideration as a disturbance of the Cayley tree function. We follow the approach presented in [FS09, p. 477] for Pólya trees. We assume the existence of a function ζ(z) such that
Theorem 2 Let T be a variety of trees whose generating function is T (z), and ρ be its dominant singularity. If the generating function T (z) satisfies the Equation (2), if the dominant singularity of ζ(z) is strictly larger than ρ and if ζ (1) (ρ) = 0, then T (z) satisfies the following full Puiseux expansion
, with t 1 = − 2eρζ (1) (ρ); and, for all n > 1
where ζ (i) (z) stands for the ith derivative of ζ(z), B(1) = 1, and for all > 1,
Proof key idea: The complete proof follows the strategy of Flajolet and Sedgewick. The main idea is to compose the Puiseux expansion of C(z) at the singularity 1/e and the analytic expansion of ζ(z) at the dominant singularity of T (z).
2
In Theorem 2, the assumption ζ (1) (ρ) = 0 could be replaced by a weaker assumption that there exists an integer r > 0 such that ζ (r) (ρ) = 0. Making this weaker assumption would however make the proof a bit more technical without adding substantial information.
The the first terms of the singular expansion of T (z) are given by
We are now ready to compute the full asymptotic expansion for the class T .
Theorem 3 Let T be a variety of trees whose generating function is T (z), and ρ be its dominant singularity. If the generating function T (z) satisfies the Equation (2), if the dominant singularity of ζ(z) is strictly larger than ρ and if ζ (1) (ρ) = 0, then asymptotically when n tends to infinity,
where
with the sequence (t i ) defined in Theorem 2, R 0 = 1 and
In particular, the first few terms in the asymptotic expansion of T n are given by
where the t i 's are given in the Theorem 2.
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Different varieties of rooted unlabelled and non-plane trees
In the following three sections, we will show how both Theorems 2 and 3 directly apply to three families of trees, namely the Pólya trees, the rooted identity trees and the hierarchies. In each of these sections, we will use the same notations T , T (z) and ζ(z) to refer to the family of considered trees. For each of the three examples, we proceed in two steps. First we focus on efficient recurrences in order to compute the first numbers of the sequence (T n ) n∈N that encodes for each positive integer n the number of trees of size n. Second, by using the numerical procedure given in [FS09, p. 477], we compute an approximation of the dominant singularity of T (z).
Finally, at the end of the section, we exhibit two Tables 1 and 2 to compare the numerical approximations (according to each class of trees) of the coefficients given in the Theorems 2 and 3. We also exhibit the typical gain in the relative error obtained by using a more precise asymptotic approximation.
Pólya trees
A Pólya tree is a rooted unlabelled and non-plane tree. Let us denote by T the set of Pólya trees. It satisfies the following unambiguous specification :
because a Pólya tree is by definition a root, specified by Z (of size 1), followed by a multiset of Pólya trees (we refer the reader to [FS09] for more details). By the symbolic method (cf. [FS09] ), we get
with T (z) being the ordinary generating function enumerating T . The latter formula already appears in Pólya's paper [Pól37] and has been sketched by Cayley ([BLW76, p. 67]) as an introduction to the counting theory for unlabelled objects. This method takes into account symmetries of the objects and thus quantifies isomorphisms. We have a classical alternative definition: cf. e.g. [FS09, p. 71] .
with T n the number of trees of size n in T . Some combinatorial arguments, given in [FS09, p. 27-30], prove that both definitions are equivalent. From the latter Equation (4), we deduce a recurrence for the sequence (T n ) n∈N for Pólya trees.
Fact 4 The sequence (T n ) n∈N enumerating Pólya trees satisfies The number of Pólya trees from each size from 1 to n can be computed in O(n 2 ) arithmetic operations (by using memoization).
Proof of
We rewrite this equation as
Extracting the n-th coefficient of the generating functions gives:
The notation m|i corresponds to the condition that the integer m divides the integer i. The stated formula is obtained by interchanging the two sums. (2) and (3), we define have
Fact 5 The function ζ(z) defined for Pólya trees satisfies the assumptions of the Theorems 2 and 3. Proof: The definition of ζ(z) given in Equation (5) implies that its dominant singularity is √ ρ, (with the constant ρ being the dominant singularity of T (z)). Since 1/e is the dominant singularity of the Cayley tree function C(z) and [z n ]T (z) > [z n ]C(z) (by using Equation (3)) for n sufficiently large, we get ρ ≤ 1/e. Thus √ ρ > ρ and we finally infer that the function ζ(z) is analytic beyond the disc of convergence of T (z). Finally we easily get ζ (ρ) > 0. 2 Theorem 2 and the above approximation for ρ give the first coefficients for the Puiseux expansion of Pólya trees presented in the Table 1 . The computations of the numbers t i 's have been done with an approximation of the function ζ(z), computed with the truncation of the series T (z) after the 100-th first coefficients. Experimentally, it seems that the accuracy is actually much larger than the 20 digits given in Table 1 .
Finally the previous approximations and the result of Theorem 3 give Note that, from here, it is then easy to get back the first evaluations exhibited by Finch [Fin03c] .
Rooted identity trees
A rooted identity tree is a rooted unlabelled (non-plane) tree for which the only automorphism preserving the root node is the identity. Harary et al. studied this class of trees in [HRS75] . In his book [Fin03a] , Finch also mentions this class. Intuitively, whereas a Pólya tree can be seen as a root followed by a multiset of Pólya trees, a rooted identity tree can be seen as a root followed by a set of rooted identity trees (i.e., no repetition is allowed). Let us denote by T the set of rooted identity trees. It satisfies the following unambiguous specification T = Z × PSET T .
The symbolic method gives the functional equation
i .
An equivalent formula for the function T (z) is
In order to obtain an efficient recurrence relation satisfied by the numbers of rooted identity tree, we use the same strategy as above (for Pólya trees), and thus obtain: Proposition 6 The sequence (T n ) n∈N enumerating rooted identity trees satisfies
The first values of the sequence, see in OEIS A004111, are 0, 1, 1, 1, 2, 3, 6, 12, 25, 52, 113, 247, 548, 1226, 2770, 6299, . . .
The number of rooted identity trees from each size from 1 to n can be computed in O(n 2 ) arithmetic operations. Once we are able to compute efficiently the first numbers T n we can estimate the dominant singularity of T (z) to be approximately ρ ≈ 0.39721309688424004148565407022739873422987370995276 . . .
Obviously this dominant singularity is larger than the one for Pólya trees because there are less rooted identity trees than Pólya trees.
To describe T (z) like in Equation (2), we get ζ(z) = z · exp n≥2 (−1)
Proposition 7
The function ζ(z) defined in the context of rooted identity trees satisfies the assumptions of the Theorems 2 and 3.
The approximations of the first coefficients of the Puiseux expansion for rooted identity trees are given in the Table 1. The second Table 2 gives the approximations of the asymptotic expansion of T n :
It seems that these numbers do not appear elsewhere in the literature.
Hierarchies
A hierarchy is a rooted unlabelled and non-plane tree with no node of arity 1. 
Again, we obtain a recurrence formula that computes the numbers T n .
Proposition 8 The sequence (T n ) n∈N enumerating hierarchies satisfies
with the notation δ {n−mi=1} evaluates to 1 if n − mi = 1 and to 0 otherwise.
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The first values of the sequence, see in OEIS A000669, are given by 0, 1, 1, 2, 5, 12, 33, 90, 261, 766, 2312, 7068, 21965, 68954, 218751, 699534, . . .
They are stored (there the sequence is shifted by 1). We note that in this context, we cannot easily simplify the recurrence in order to avoid a sum over the divisors of n (for T n ). However here, the sum is not inside another one, thus the complexity (in the number of arithmetic operations) to compute T n is quadratic. We estimate the dominant singularity of T (z) to be approximately
In order to fall under the framework described by Equation (2), we need to consider the generating functionT (z) = T (z) − 1 2 (1 − z). The two generating functions T (z) andT (z) have the same dominant singularity. Thus we getT
Proposition 9 The function ζ(z) defined in the class of objects associated toT (z) satisfies the assumptions of the Theorems 2 and 3.
It remains to slightly modify the 2 first coefficients in the singular expansion ofT (z) to obtain the singular expansion of T (z) and fill both Tables 1. and 2. In particular we get
It seems that these numbers do not appear elsewhere in the literature. Let us conclude this section on hierarchies by mentioning the OEIS sequence A000084, that is directly related. It counts the number of series-parallel networks with n unlabelled edges; both generating functions are essentially the same (up to a simple factor). We thus get the Puiseux expansions and the asymptotic expansion for these objects as a by-product.
Approximations
In order to obtain the following approximations for the coefficients in the Puiseux expansions or for the asymptotic expansions of the numbers of trees, we have used the open-source mathematics software Sage [Dev15] and the Python library MPmath [J + 14] for some specific high precision calculations. The first table synthesises the first elements of the sequences (t n ) n∈N satisfying the Puiseux expansions for the previous Pólya structures: The following Table 2 contains the first numbers (τ n ) n∈N satisfying the asymptotic expansions for the previous Pólya structures: It is interesting to note that, in Table 2 , for n sufficiently large and due to the sign of the values of the Finally, by using only 20 digits of precision in our approximations of the values ζ (r) (ρ)'s we cannot hope to obtain a better approximation than the one of order 8 (Table 3) for the number of large trees (i.e. with size larger than 500).
Conclusion
The strength of the approach presented here is its universality. We have shown, in full detail, how it applies to Pólya trees, rooted identity trees and hierarchies but many other examples fill in our framework.
1. Rooted oriented trees and series-reduced planted trees. The OEIS sequences A000151 and A001678
can be directly studied.
2. Series-parallel networks. In the context of [RS42] , [Moo87] and [Fin03b] we get back several generating functions (listed in OEIS A058385, A058386 and A058387) that can be studied in the same vein as hierarchies. Let us recall that many links between trees and series-parallel graphs have already been exhibited, thus the fact that the behaviours of their generating series are analogous is not a surprise.
3. Phylogenetic trees and also total partitions. The OEIS sequence A000311, counting phylogenetic trees and also total partitions that are labelled objects, can also be analysed with our technique. Note here that the function ζ(z) does not explicitly depend on T (z) and thus every derivative is explicit. Just put a factor n! in front of T n to obtain its full asymptotic expansion. We thus exhibit the polynomials whose existence has been stated in [Com74, p. 224 ].
4. The unrooted versions of the previous rooted trees. With some further work, we are able to exhibit the full asymptotic expansion of the unrooted versions of the previous rooted trees we were interested in. In fact their generating functions P (z) satisfy some equation of the form
Since we have the full Puiseux expansion of the series T (z), we can compute the one of the series P (z). Some examples of such series correspond to the following sequences A000055, A000238, A000014. .
. . An open question would be to be able to write a functional equation for P (z) as a disturbance of the Cayley tree function, and then to use directly an analogous approach as the one studied in Section 2. There, we would get ζ (1) = 0 since we know that these trees are unrooted.
